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Important: Read all the information on this page carefully!

General Information

Please read all problems carefully!

We recommend printing this problem sheet. Use another paper to find the solutions to the
problems and write your final solution (with steps) on the provided space below the problems.

Please upload clear pictures of this problem sheet with your written answers. If you do not want
to print this problem sheet, please clearly label the problems on your sheets.

Typing the solution on a computer is possible. However, you do not receive extra points.

The eight problems are separated into three categories: 3x basic problems (A; four points), 3x
advanced problems (B; six points), 2x special-creativity problems (Cj; eight points).

You receive points for the correct solution as well as for the performed steps. Example: Despite
a wrong solution, if the described approach is correct you will still receive points.

You can reach up to 46 points in total. You qualify for the final round if you reach at least 22
points (under 18 years) or 30 points (over 18 years).

Please consider following notation that is used for the problems

— x,y € R denotes a real number, n, k € N denotes a positive integer.

— f,g9,h denote functions. The domain and co-domain should follow from the context.
— The roots of a function f are all x such that f(x) = 0.

— m = 3.141... denotes the circle constant and e = 2.718... Euler’s number.

— The natural logarithm of x is written as log(x).

It is not allowed to work in groups on the problems. Help or assistance from teachers, friends,
family, or the internet is prohibited. Cheating will result in immediate disqualification!

Solution Requirements

You can upload your solution online via your status page: https://iymc.info/en/login

Only upload one single PDF file! If you have multiple pictures, please compress them into one
single file. Do not upload your pictures in a different format (e.g, no Word and Zip files).

You can upload your PDF file with all solutions earlier than the day of the deadline. You can
change your upload at any time as long as the deadline has not been reached.

The deadline for uploading your solution is Sunday 20. November 2022, 23:59 UTC+-O0.

The results of the pre-final round will be announced on Monday 28. November 2022.

Good luck!
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Problem A.1

Determine A, B, C' such that all of the following functions intersect the point (2, 2):

filz) = Az +1 fo(z) = Bx® +2 fs(z) = Ca® +3
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Problem A.2

Find all z € R that are solutions to this equation: 0 = (1 —xz —2* —...)- (2—x — 2% — ..)
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Problem A.3

Find the derivative f’(z) of the following function with respect to x:

f(ZL‘) — gin (ﬂ_sinx + 71_cosac)
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Problem B.1

Let H,, define the sum of reciprocals of all integers from 1 to n:

1 1 1 1
H=14+-+-4+-+..+—
+otgt et
Prove the following identity:
1 1 1 1
Hy,—H,=1—-+-—-%

53 1T T 1

1
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Problem B.2

It is well known that squared brackets do not simply square the individual terms:
(14+2)* #1222

(14+2+3)% #1222 4 3

Instead, we add a correction term v to make the equations hold true:
(1+2)* =17 +2° + ¢

(1+2+3)*=1242%+ 3> + 3

(14+24+3+...+n)?=1"4+22+3"+ .. +n*+ 1,

Show that the correction term 1, has the following form and determine the values of o and f:

I'YMC.PF.2022 7



International Youth Math Challenge Pre-Final Round 2022

Problem B.3

You are given two overlaying squares with side length a. One of the squares is fixed at the
bottom right corner and rotated by an angle of a (see drawing). Find an expression for the
enclosed area A(a) between the two squares with respect to the rotation angle c.
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Problem C.1

For this problem, we define the fractional part of z € R as

{e} =~ |z]

where |z ] is the integer part of x, i.e., the greatest integer less than or equal to z.
(a) Draw the function {z} in a coordinate system for 0 < z < 3.

(b) Find the area A, under the graph of {x} between 0 and n € N as given by:
A, = / {z} dx
0

Remember the definition of H,, from problem B.1. H,, grows similar to log(n) and they define
the well-known constant v in mathematics:

v = lim (H, —log(n)) = 0.5772...
n—oo
(c) Use this to prove the following identity:
/ @ dr=1—7
1 X

Hint: Split the integral into individual sums for each integer value.
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Problem C.2

This problem requires you to read following scientific article:

Sum of Reciprocals of Germain Primes.
Wagstaff, Samuel S. Journal of Integer Sequences, 24 (2021).
Link: https://cs.uwaterloo.ca/journals/JIS/VOL24/Wagstaff/wagd.pdf

Use the content of the article to work on the problems (a-f) below:

(a) What is the difference between twin primes and Germain primes? Give examples for both.

(b) Which numbers does the set Sy represent and what is the value of S| ,(4 - 10'%)?

(c) In the proof of Theorem 1, explain why 5 1 =3 Tet-Tas(=Do
p<epeSay | i=1

(d) Explain the difference between Table 1 and Table 3.

100)

(e) Use Theorem 3 to calculate an upper bound for 7y 16(€'”’) in orders of magnitude.

(f) Show in detail why the left- and right-hand side of equation (1) in Theorem 4 are equal.
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