International Youth Math Challenge Pre-Final Round 2019

Problem A.1

Find the area enclosed be these three functions: f(z) =1, g(z)=z+1, h(z)=9-=
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Problem A.2
Find the roots of the function f(z) = 3% - (logy(z) — 3)° - *” 3,
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Problem A.3

Find the derivative f’(x) of the function f(z) = 25(*),
(o) - £60)
£0x)
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Problem A.4

Find the value of this expression for n — oo:

SR

Hint: You may use that e® = (1 + £)" for n — oc.
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Problem B.1

Find all positive integers n such that n* — 1 is divisible by 5
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W= 4 (mod §)
nNZ 4 (mod &)

Problem B.2
Prove the following inequality between the harmonic, geometric, and arithmetic mean with z,y > 0:
N
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Problem B.3

Suppose you have to distribute the numbers {1,2,3,... ,2n — 1,2n} over n buckets. Show that there
will always be at least one bucket with its sum of numbers to be > 2n + 1.

According to the distibufion Ahere Wl be T bUckels with, Zinumbers M 2ach buc ket
I ou, buckets Aowe it swm of numben fo be < Qn+d

- Thore griete o etk withy its cwm o} numbers: on+x < el (1)

(xisa number an W%Cmﬁi&)

However, 2 the a{a\ren listiy an wacmoh‘n% list of. numbers aund, e fiost mamber

sl =2 224 = Dee=dn+ L (whicheotrmaicts (1))
— There, wil alwnug be od Lot ong. bucket (it its ewm of wumhers bohe >+ 4

Problem B.4

Consider an equal-sided triangle connected to a square with side a (see drawing). A straight line from
@ intersects the square at = and y. You have given z, find an equation for the intersection at y(z).

A,/B are mid points of the

Square sidle.,
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Problem C.1

The sum of divisor function o(n) returns the sum of all divisors d of the number n:
o(n) = Z d

We denote Nj, any number that fulfils the following condition:
o(Ng) > k- Ni

Find examples for N3, N4, N5 and prove that they fulfil this condition.

TR,
Ewm()(@’ %34—: Z‘!

® N3g= 5! = 2°3.5
, The um of. dviwrs of 5! =(2P+ 27+ 214 2°)x (31 3Dx (5457 =36

360 = 3, B!
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We fowe. 48400 2056 7 4. 4!
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Problem C.2

This problem requires you to read following recently published scientific article:

Encoding and Visualization in the Collatz Conjecture.
George M. Georgiou, arXiv:1811.00384, (2019).
Link: https://arxiv.org/pdf/1811.00384.pdf

Please answer following questions related to the article:

(a) Explain the Collatz conjecture in your own words. Have we proven this conjecture?

‘ ‘- \ it ifve in’re%zr‘
Collatz. congechre 18 Oy finction withy e initial A put- c(iam} posi \
and, He outpud will owaws be L after some. opplications of e function Buentuoly
e tydle 4> 424 wil be wptated. We have notk proven this conjechere.

(b) What is the C(n) cycle and the T'(n) cycle of the number n = 48?7

Cl42) (‘A.SCLL: o 4551
T(4) oyde, 4234

(c) Explain the meaning of o (n) and calculate 0(104).

w'es(n), the Leask k applicaton of T thot makes 4l Goquaree o Jteration reach
4 for the firstHive.

*'W‘j TEUOYD) we Rowe: A04- §2 9265112 209 409 5 ¢v 49 274>~
- P28, M0%) = A0

(d) Find the binary encoding of n = 32,53, 80 and explain why they all start with ”111”.
Binory ghcoding of n=32 1s MM4, of n=53 18 MOMI10 /ol n=30is LLIONI]

Because 325555 $9 7€ - Thair iferation will €nd in %(7 é{:)—,» L A) 4fe, start

The itsare prdutced fom BOXH o flt e OWE

(e) Make a drawing of the Collatz curve of n = 210 = 1024. , ‘
Toe, aurves for n= QR (E>4) will be a squoue . Tnthis care k=407 F

L Tue owre of- the Collata curve o = 21° 18 a square:

(f) What is more common according to the data: r-curves with finite girth or acyclic r-curves?

- curues with fincle CX\r‘(’e) 18 more Commown
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